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In this paper we study two problems concerning Assouad–Nagata dimension:
(1) Is there a metric space of positive asymptotic Assouad–Nagata dimension such that
all of its asymptotic cones are of Assouad–Nagata dimension zero? (Dydak and Higes,
2008 [11, Question 4.5]).
(2) Suppose G is a locally ﬁnite group with a proper left invariant metric dG . If
dimAN (G,dG ) > 0, is dimAN (G,dG ) inﬁnite? (Brodskiy et al., preprint [6, Problem 5.3]).
The ﬁrst question is answered positively. We provide examples of metric spaces of
positive (even inﬁnite) Assouad–Nagata dimension such that all of its asymptotic cones
are ultrametric. The metric spaces can be groups with proper left invariant metrics.
The second question has a negative solution. We show that for each n there exists a locally
ﬁnite group of Assouad–Nagata dimension n. As a consequence this solves for non-ﬁnitely
generated countable groups the question about the existence of metric spaces of ﬁnite
asymptotic dimension whose asymptotic Assouad–Nagata dimension is larger but ﬁnite.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Nagata dimension (also called Assouad–Nagata dimension) was introduced by Assouad in [1] inﬂuenced from the papers
of Nagata. This notion and its asymptotic version (asymptotic Assouad–Nagata dimension) has been studied in recent years
as a geometric invariant, see for example [4,8,9] and specially [14]. In those papers many properties of the asymptotic
dimension (see [2] for a good survey about it) were generalized to asymptotic Assouad–Nagata dimension.
One interesting problem is about the relationship between the Assouad–Nagata dimension of a metric space and the
topological dimension of its asymptotic cones.
In [11] the following improvement of a result of [8] was obtained:
Theorem 1.1. (Dydak and Higes [11]) For any metric space (X,dX ) the topological dimension of every asymptotic cone does not exceed
the asymptotic Assouad–Nagata dimension of the space.
In [11, Question 4.5] it was asked if there exists a metric space of positive (possibly inﬁnite) asymptotic Assouad–Nagata
dimension such that all of its asymptotic cones are of topological dimension zero. Recall that ultrametric spaces are of
topological dimension zero. In Section 3 we will show that any metric space of ﬁnite asymptotic dimension is coarsely
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2636 J. Higes / Topology and its Applications 157 (2010) 2635–2645equivalent to a metric space such that all of its asymptotic cones are ultrametric. As a consequence we will obtain examples
of metric spaces of positive but ﬁnite asymptotic Assouad–Nagata dimension such that all of its asymptotic cones are
ultrametric. We will also give some examples of metric spaces of inﬁnite asymptotic Assouad–Nagata dimension such that
all of its asymptotic cones are ultrametric. These two results will solve Question 4.5 of [11].
The main goal of Section 4 is to study asymptotic Assouad–Nagata dimension of locally ﬁnite groups and countable
abelian groups. The study of asymptotic dimension of locally ﬁnite groups was done in [17]. Countable locally ﬁnite groups
satisfy many remarkable geometric properties: they can be characterized as the unique countable groups of asymptotic
dimension zero [17]. Each metric space of asymptotic dimension zero and bounded geometry can be coarsely embedded
in any inﬁnite countable locally ﬁnite group. And they can be characterized as the unique countable groups that admits a
proper left invariant ultrametric [3].
One problem that remains open is about the difference between the asymptotic dimension and the asymptotic Assouad–
Nagata dimension of a discrete group. P. Nowak in [15] found for each n  1 a ﬁnitely generated group of asymptotic
dimension n but inﬁnite Assouad–Nagata dimension. If n  2 such group can be ﬁnitely presented. As a ﬁnal problem of
his paper, Nowak asked about the existence of discrete groups such that the asymptotic dimension differs from asymptotic
Assouad–Nagata dimension but both of them are ﬁnite.
The paper of Nowak was complemented by one of Brodskiy, Dydak and Lang [6] who related the growth of a ﬁnitely
generated group G with the Assouad–Nagata dimension of the wreath product H  G with H = 1 a ﬁnite group. As a
consequence of their results many examples of countable locally ﬁnite groups with inﬁnite Assouad–Nagata dimension can
be found. In [5, Example] it was shown a locally ﬁnite group of inﬁnite Assouad–Nagata dimension. It was not clear how
to deﬁne from that example of [5] a metric in a locally ﬁnite group of positive and ﬁnite asymptotic Assouad–Nagata
dimension. This problem was asked by two of the authors of [5] and Lang in [6, Problem 5.3]. In Section 4 we will ﬁnd
for each n ∈ N ∪ {∞} a locally ﬁnite group (G,dG) with dG a proper left invariant metric that satisﬁes asdimAN (G,dG) = n.
We will also show in Corollary 4.14 that for each n  0 and k  0 there is a countable abelian group G and a proper left
invariant metric dG such that G is of asymptotic dimension n but asdimAN (G,dG ) = n + k. These two results solve Nowak’s
problem for countable abelian groups and answer negatively Problem 5.3. of [6]. As far as we know the problem for ﬁnitely
generated groups remains open.
2. Asymptotic cones and cubes
Let s be a positive real number. An s-scale chain (or s-path) between two points x and y of a metric space (X,dX ) is
deﬁned as a ﬁnite sequence of points {x = x0, x1, . . . , xm = y} such that dX (xi, xi+1) < s for every i = 0, . . . ,m − 1. A subset
S of a metric space (X,dX ) is said to be s-scale connected if every two elements of S can be connected by s-scale chain
contained in S .
Deﬁnition 2.1. A metric space (X,dX ) is said to be of asymptotic dimension at most n (notation asdim(X,d) n) if there is
an increasing function DX : R+ → R+ such that for any s > 0 there is a cover U = {U0, . . . ,Un} so that the s-scale connected
components of each Ui are DX (s)-bounded, i.e. the diameter of every component is bounded by DX (s).
The function DX is called an n-dimensional control function for X . Depending on the type of DX one can deﬁne the
following two invariants:
A metric space (X,dX ) is said to be of Assouad–Nagata dimension at most n (notation dimAN (X,d)  n) if it has an
n-dimensional control function DX of the form DX (s) = C · s with C > 0 some ﬁxed constant.
A metric space (X,dX ) is said to be of asymptotic Assouad–Nagata dimension at most n (notation asdimAN (X,d) n) if it
has an n-dimensional control function DX of the form DX (s) = C · s + k with C > 0 and k ∈ R two ﬁxed constants.
One important fact about the asymptotic dimension is that it is invariant under coarse equivalences. Given a map f :
(X,dX ) → (Y ,dY ) between two metric spaces it is said to be a coarse embedding if there exist two strictly increasing
functions ρ+ : R+ → R+ and ρ− : R+ → R+ with limx→∞ ρ−(x) = ∞ such that:
ρ−
(
dX (x, y)
)
 dY
(
f (x), f (y)
)
 ρ+
(
dX (x, y)
)
for every x, y ∈ X .
The functions ρ+ and ρ− are usually called contraction and dilatation functions of f respectively.
Now a coarse equivalence between two metrics spaces (X,dX ) and (Y ,dY ) is deﬁned as a coarse embedding f : (X,dX ) →
(Y ,dY ) for which there exists a constant K > 0 such that dY (y, f (X)) K for every y ∈ Y . If there exists a coarse equiva-
lence between X and Y the spaces are said to be coarsely equivalent.
The following result relates n-dimensional control functions and coarse embeddings.
Proposition 2.2. Let (X,dX ) and (Y ,dY ) be two metric spaces and let f : (X,dX ) → (Y ,dY ) be a coarse embedding with ρ+ and ρ−
the contraction and dilatation functions of f respectively. If DnY is an n-dimensional control function of (Y ,dY ) then the function D
n
X
deﬁned by DnX = ρ−1− ◦ DnY ◦ ρ+ is an n-dimensional control function of (X,dX ).
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function f : R+ → R+ such that f (t) ρ−(t) for every t ∈ R+ .
Proof. Fix s > 0 a positive real number. As DnY is an n-dimensional control function there exists a cover U = {U0, . . . ,Un} in
Y so that the ρ+(s)-scale connected components of each Ui are DnY (ρ+(s))-bounded. Take the cover V = {V0, . . . ,Vn} in X
deﬁned as Vi = f −1(Ui). Notice that if two points x, y ∈ X satisfy dX (x, y) < s then dY ( f (x), f (y)) < ρ+(s). Hence given an
s-scale chain {x0, x1, . . . , xm} in X we get that { f (x0), f (x1), . . . , f (xm)} is a ρ+(s)-scale chain. Therefore dY ( f (x0), f (xm))
DnY (ρ+(s)) which implies ρ−(d(x0, xm))  DnY (ρ+(s)) and hence d(x0, xm)  ρ
−1− (DnY (ρ+(s))). Thus DnX = ρ−1− ◦ DnY ◦ ρ+ is
an n-dimensional control function of (X,dX ). 
The following easy corollary will be useful in the next section:
Corollary 2.4. If (X,d) is a metric space and asdimAN (X, log(1+ d)) n then there is a polynomial n-dimensional control function
of (X,d).
Proof. Denote (X,d) by X1 and (X, log(1+ d)) by X2. Suppose asdimAN X2  n. This implies there exists a linear n-dimen-
sional control function DnX2 (s) = C · s + b with C and b two ﬁxed constants. Suppose without lost of generality that C ∈ N.
Now the identity (X,d) → (X, log(1+d)) is clearly a coarse equivalence with ρ+(d) = log(1+d) = ρ−(d). By Proposition 2.2
we will get that DnX1 = ρ−1− ◦ DnX ◦ ρ+ is an n-dimensional control function of (X,d). That means DnX1 (s) = ρ−1− (C · log(1+
s)+ b) = 10C ·log(1+s)+b − 1= 10b · (1+ s)C − 1. Therefore there is a polynomial n-dimensional control function of (X,d). 
It is clear that the asymptotic dimension of a metric space is less than or equal the asymptotic Assouad–Nagata dimen-
sion.
Our goal in this section is to ﬁnd some suﬃcient conditions that give lower bounds for the asymptotic Assouad–Nagata
dimension. The following deﬁnition plays an important role for such purpose.
Deﬁnition 2.5. We deﬁne an n-dimensional dilated cube in a metric space (X,dX ) as a dilatation function f : {0,1, . . . ,k}n →
X , that means there exists a constant C  1 (dilatation constant) such that C · ‖x − y‖1 = dX ( f (x), f (y)) for every x, y ∈
{0,1, . . . ,k}n .
Remark 2.6. n-dimensional dilated cubes are particular cases of the n-dimensional s-cubes introduced by Brodskiy, Dydak
and Lang in [6].
In the whole paper we will consider Rn with the l1-metric instead of the Euclidean metric. The cubes of the form
[0, s]n ⊂ Rn for some s > 0 will be called n-dimensional l1-cubes of size s.
Now we will relate the existence of some sequences of n-dimensional dilated cubes in a space with the existence of
n-dimensional l1-cubes in its asymptotic cones. Let (X,dX ) be a metric space. Given a non-principal ultraﬁlter ω of N and
a sequence {xn}n∈N of points of X , the ω-limit of {xn}n∈N (notation: limω xn) is deﬁned as the element y of X such that
for every neighborhood U of y the set FU = {n | xn ∈ U } belongs to ω. Analogously if for every ball B(x, r) of radius r the
set FB(x,r) = {n | xn ∈ X \ B(x, r)} belongs to ω then it is said that the ω-limit of {xn}n∈N is inﬁnity and the sequence is an
ω-divergent sequence. It can be proved that the ω-limit always exists in a compact space. It can be checked that the sum
and the product of ω-limits of sequences of real numbers satisfy analogous algebraic properties as limits of sequences of
real numbers. We will refer to such properties as the algebra of ω-limits. The details are left to the reader.
Assume ω is a non-principal ultraﬁlter of N. Let d = {dn}n∈N be an ω-divergent sequence of positive real numbers and
let c = {cn}n∈N be any sequence of elements of X . Now we can construct the asymptotic cone (notation: Coneω(X, c,d)) of X
as follows:
Deﬁne the set of all sequences {xn}n∈N of elements of X such that limω dX (xn,cn)dn is bounded. In such set take the pseudo
metric given by:
D
({xn}n∈N, {yn}n∈N)= lim
ω
dX (xn, yn)
dn
.
Now deﬁne the following equivalence relation in the set of all sequences: Two sequences {xn}n∈N and {yn}n∈N are equivalent
if D({xn}n∈N, {yn}n∈N) = 0. The asymptotic cone Cone(X, c,d) is the set of all equivalence classes with the metric induced
from the pseudo metric D .
Asymptotic cones were originally introduced by Gromov in [12]. There has been a lot of research relating algebraic and
geometric properties of a group with topological properties of its asymptotic cones. For example a ﬁnitely generated group
is virtually nilpotent if and only if all its asymptotic cones are locally compact [13] or a group is hyperbolic if and only if
all of its asymptotic cones are R-trees ([12] and [10]).
2638 J. Higes / Topology and its Applications 157 (2010) 2635–2645Proposition 2.7. Let (X,dX ) be a metric space and let { fm}∞m=1 be a sequence of n-dimensional dilated cubes, fm : {0,1, . . . ,km}n →
X such that limω km = ∞ for some non-principal ultraﬁlter ω of N. Let {dm}∞m=1 be an ω-divergent sequence of positive real numbers
that satisﬁes
lim
ω
Cm · km
dm
= s
with {Cm}∞m=1 the sequence of dilatation constants and 0 s < ∞. Let c = { fm(0)}∞m=1 . Under these assumptions the asymptotic cone
Coneω(X, c,d) contains an n-dimensional l1-cube of size s.
Proof. Let us prove the case n = 1. For each t ∈ [0, s] let Am be the subset of elements of {0,1, . . . ,km} such that, for every
x ∈ Am , Cm ·xdm is closest to t . Take now the sequence {rtm}∞m=1 where rtm is the minimum element of Am . It follows easily that
if t < Cm ·kmdm then |
Cm ·rtm
dm
− t| < Cmdm by the deﬁnition of rtm .
Deﬁne the map g : [0, s] → Coneω(X, c,d) where g(t) is the class deﬁned by the sequence { fm(rtm)}∞m=1. As:
lim
ω
d( fm(0), fm(rtm))
dm
= lim
ω
Cm · rtm
dm
 lim
ω
Cm · km
dm
= s
the map is well deﬁned. Let us prove that g is an isometry. From the deﬁnition of rtm we get that if t1 < t2 then r
t1
m  rt2m
which implies:
D
(
g(t1), g(t2)
)= lim
ω
d( fm(r
t1
m ), fm(r
t2
m ))
dm
= lim
ω
Cm(r
t2
m − rt1m )
dm
= lim
ω
Cm(r
t2
m )
dm
− lim
ω
Cm(r
t1
m )
dm
.
The last equality follows from the algebra of ω-limits provided limω
Cm(r
t1
m )
dm
and limω
Cm(r
t2
m )
dm
are ﬁnite. Therefore the unique
thing we need to show is that limω
Cm ·rtm
dm
= t for every t . Let t ∈ [0, s] and let F = {m | Cm ·kmdm < t}. Suppose ﬁrst F ∈ ω. In
such a case t = s. Suppose on the contrary t < s. Let  = |s−t|2 and let G = {m | | Cm ·kmdm − s| < }. As limω Cm ·kmdm = s we have
G ∈ ω. Hence for every m ∈ F ∩ G we have | Cm ·kmdm − s| <  and Cm ·kmdm < t a contradiction by the choice of  . It implies
that if F ∈ ω then t = s and rsm = km for every m ∈ F . So in this case we have limω Cm ·r
s
m
dm
= s. Assume now that F /∈ ω, then
N \ F ∈ ω. Notice that limω Cmdm = 0 as limω km = ∞ but limω Cm ·kmdm = s < ∞ (we can see it applying algebra of ω-limits).
This implies that given  > 0 the set G = {m | Cmdm < } is in ω. Therefore we have |
Cm ·rtm
dm
− t| < Cmdm   for every m ∈ F ∩ G
which implies limω
Cm ·rtm
dm
= t as F ∩ G ∈ ω.
Now let us do the general case. Let (x1, . . . , xn) ∈ [0, s]n . By the previous case we get that for every j = 1, . . . ,n there
exists a sequence {rx jm }m∈N with rx jm ∈ {0,1, . . . ,km} such that limω Cm ·r
x j
m
dm
= x j . In a similar way as before we construct a
map g : [0, s]n → Coneω(X, c,d) by deﬁning g(x1, . . . , xm) as the class that contains the sequence { fm(rx1m , . . . , rxnm )}∞m=1. To
ﬁnish the proof it will be enough to check that for every x, t ∈ [0, s]n with x = (x1, . . . , xn) and t = (t1, . . . , tn), the following
equality holds:
lim
ω
dX ( fm(r
x1
m , . . . , r
xn
m ), fm(r
t1
m , . . . , r
tn
m ))
dm
=
n∑
i=1
|xi − ti|.
As fm is a dilatation of constant Cm we can write:
lim
ω
dX ( fm(r
x1
m , . . . , r
xn
m ), fm(r
t1
m , . . . , r
tn
m ))
dm
=
n∑
i=1
lim
ω
Cm · |rxim − rtim|
dm
.
Now applying again algebra of ω-limits and assuming, without loss of generality, xi  ti we can deduce:
lim
ω
Cm · |rxim − rtim|
dm
= lim
ω
Cm · (rxim − rtim)
dm
= lim
ω
Cm · rxim
dm
− lim
ω
Cm · rtim
dm
= xi − ti .
The last equality follows from the equality limω
Cm ·rtm
dm
= t proved in the case n = 1. Therefore we have:
n∑
i=1
lim
ω
Cm · |rxim − rtim|
dm
=
n∑
i=1
|xi − ti|. 
Combining Theorem 1.1 with Proposition 2.7 we can get the following lower bound of Assouad–Nagata dimension for
certain spaces. Such estimation will be very useful to prove the main results of Section 4.
J. Higes / Topology and its Applications 157 (2010) 2635–2645 2639Corollary 2.8. If a metric space (X,dX ) contains a sequence { fm}∞m=1 of n-dimensional dilated cubes fm : {0,1, . . . ,km}n → X with
limm→∞ km = ∞ then asdimAN (X,dX ) n.
Proof. Let {Cm}m∈N be the sequence of dilatation constants. Deﬁne the divergent sequence d = {dm}m∈N as dm = Cm · km .
Then for any non-principal ultraﬁlter ω of N the assumptions of Proposition 2.7 are satisﬁed with s = 1 so we get that
the asymptotic cone Coneω(X, c,d) contains an n-dimensional l1-cube of size 1, i.e. [0,1]n ⊂ Coneω(X, c,d). Applying 1.1 we
obtain immediately:
dim
([0,1]n) dim(Coneω(X, c,d)) asdimAN(X,dX ). 
3. Ultrametric asymptotic cones
The main goal of this section is to ﬁnd metric spaces of positive asymptotic Assouad–Nagata dimension such that all of
its asymptotic cones are ultrametric spaces. We are also interested in ﬁnding countable groups with proper left invariant
metrics such that all of its asymptotic cones are ultrametric spaces. Notice that if G is a ﬁnitely generated group and dG is
any word metric then every asymptotic cone Coneω(G, c,d) is geodesic. This implies dim(Coneω(G, c,d)) 1. Therefore the
proper left invariant metrics of the theorems of this section cannot be quasi-isometric to any word metric of G . Recall that
a metric dG deﬁned in a group G is said to be a proper left invariant metric if it satisﬁes the following conditions:
(1) dG(g1 · g2, g1 · g3) = dG(g2, g3) for every g1, g2, g3 ∈ G .
(2) For every K > 0 the number of elements g of G such that dG(1, g) K is ﬁnite.
We will say that a metric space (X,dX ) is an asymptotic ultrametric space if every asymptotic cone of (X,dX ) is an
ultrametric space. Recall that a metric space (X,dX ) is said to be ultrametric if dX (x, y)  max{d(y, z),d(x, z)} for every
x, y, z ∈ X .
The following result appeared in Gromov [12, Example 2.B(c)] without a proof.
Proposition 3.1. Let (X,dX ) be a metric space that satisﬁes:
dX (x, y) (1+ ) ·max
{
dX (x, z),dX (y, z)
}+ k for every x, y, z ∈ X (3.1)
where  is some function in d = dX (x, y) which goes to 0 when d goes to ∞ and k > 0 some ﬁxed constant. Then the space (X,dX ) is
an asymptotic ultrametric space.
Proof. Suppose (X,dX ) satisﬁes (3.1) with constant k > 0 and function  . Let x, y and z be three points of Coneω(X, c,d)
and let {xn}∞n=1, {yn}∞n=1, {zn}∞n=1 ⊂ X be three sequences in the classes x, y and z respectively. Without loss of generality
assume D(x, y)  D(x, z) and D(x, y)  D(y, z). It will be enough to check that D(x, y)  max{D(x, z), D(y, z)}. Let us
assume D(x, y) = 0, otherwise the result is trivial.
First notice that limω (dX (xn, yn)) = 0. If it were false then there would exist not an M > 0 such that the set H =
{n | (dX (xn, yn))  M} is in ω. The set G = {dX (xn, yn) | n ∈ H} is unbounded, otherwise if G were bounded by K > 0
then D(x, y) = limω dX (xn,yn)dn  limω Kdn = 0 which contradicts D(x, y) = 0. As G is unbounded we can take a subsequence{dX (xni , yni )}∞i=1 ⊂ G such that limi→∞ dX (xni , yni ) = ∞ and ni ∈ H for every i ∈ N. Now by the deﬁnition of  we obtain
limi→∞ (dX (xni , yni )) = 0. This contradicts (dX (xni , yni )) M for every i ∈ N.
Consider the set:
F = {n ∈ N ∣∣ dX (xn, zn) dX (yn, zn)}.
As ω is an ultraﬁlter then F ∈ ω or N \ F ∈ ω. Let us assume that F ∈ ω. In this case we have that D(x, z) D(y, z) and by
the inequality (3.1):
dX (xn, yn)
dn
 (1+ (dX (xn, yn))) · dX (xn, zn)
dn
+ k
dn
for every n ∈ F .
Taking limits in the previous inequality and applying the fact limω (dX (xn, yn)) = 0 we obtain D(x, y)  D(x, z) =
max{D(x, z), D(y, z)}. In case N \ F ⊂ ω. The set N \ F = {n | dX (yn, zn) > dX (xn, zn)} belongs to the ultraﬁlter thus
D(y, z) D(x, z) and by the inequality (3.1):
dX (xn, yn)
dn
 (1+ (dX (xn, yn))) · dX (yn, zn)
dn
+ k
dn
for every n ∈ N \ F .
Taking limits we obtain D(x, y) D(y, z) = max{D(x, z), D(y, z)}. The proof is complete. 
Corollary 3.2. If (X,d) is a metric space then (X, log(1+ d)) is an asymptotic ultrametric space.
2640 J. Higes / Topology and its Applications 157 (2010) 2635–2645Proof. It can be checked that the metric space (X, log(1 + d)) satisﬁes (3.1) with (d) = log(2)
log( d2+1)
and k = 0. Let us prove
it. Deﬁne D(x, y) = log(1+ d(x, y)). Notice that D tends to inﬁnity if and only if d tends to inﬁnity so  is well deﬁned. It
is clear that D(y, z) = max{D(x, z), D(y, z)} if and only if d(y, z) = max{d(x, z),d(y, z)} for every x, y, z ∈ X . Let x, y, z ∈ X
and suppose without loss of generality that d(x, y)  d(y, z) = max{d(x, z),d(y, z)}. From the triangle inequality it follows
d(y, z) d(x,y)2 . Thus doing some calculations we get:
log(1+ d(x, y)) − log(1+ d(y, z))
log(1+ d(y, z)) 
log
( 1+d(x,y)
1+ d(x,y)2
)
log
(
1+ d(x,y)2
)  (d(x, y)). 
In [4, Theorem 5.1] it was proved that every metric space (X,dX ) of ﬁnite asymptotic dimension n has a coarsely
equivalent a metric DX such that asdimAN (X, DX ) = n. It can be checked easily from the proof of Theorem 5.1 of [4] that
the space (X, DX ) satisﬁes inequality (3.1) for  = 0 and k = 1. By an easy modiﬁcation of [5, Proposition 6.6] it can be
proved that any countable group G of asymptotic dimension n (associated to any proper left invariant metric) admits a
proper left invariant metric dG such that asdimAN (G,dG) = n and the space (G,dG) satisﬁes inequality (3.1) for  = 0 and
k = 1. We summarize these results in the following:
Theorem 3.3. For every metric space (X,dX ) of ﬁnite asymptotic dimension there exists a metric D X coarsely equivalent to dX such
that:
(1) asdimAN (X, DX ) = asdim(X,dX ).
(2) (X, DX ) is an asymptotic ultrametric space.
Moreover if X is a countable group with dX a proper left invariant metric we can take DX as a proper left invariant metric.
In [3] it was shown that ultrametric spaces are of Assouad–Nagata dimension zero. So an immediate consequence of
Theorem 3.3 is the following:
Corollary 3.4. For every metric space (X,dX ) with ﬁnite asymptotic dimension there exists a coarsely equivalent metric DX such that
asdimAN (X, DX ) = asdim(X,dX ) and every asymptotic cone of (X, DX ) is of Assouad–Nagata dimension zero.
Moreover if (X,dX ) is a countable group with dX a proper left invariant metric then we can take DX a proper left invariant metric.
One may ask now about the existence of a metric space of inﬁnite asymptotic Assouad–Nagata dimension such that all its
asymptotic cones are of Assouad–Nagata dimension zero. We provide an example of this type which is a ﬁnitely generated
group with some proper left invariant metric. We will need the following result of [6].
Theorem 3.5. (Brodskiy, Dydak and Lang [6, Corollary 4.7]) Let F2 be the free non-abelian group of two generators. For every n  1
every n-dimensional control function of Z2  F2 weakly dominates 2t (the metric considered is the word metric).
Recall that a function g : R+ → R+ is said to be weakly dominated by f : R+ → R+ if there exist constants λ  1 and
C  0 such that g(t) λ · f (λ · t + C) + C . In such case it is said that f weakly dominates g . See [7] for more details about
this topic.
Corollary 3.6. Let G = Z2  F2 be the wreath product between the ﬁnite group Z2 and the free non-abelian group of two generators F2 .
Let d be any word metric deﬁned on Z2  F2 . Under these assumptions:
(1) (Z2  F2, log(1+ d)) is an asymptotic ultrametric space.
(2) asdimAN (Z2  F2, log(1+ d)) = ∞.
Proof. The ﬁrst assertion is just Corollary 3.2.
Second assertion is a consequence of Corollary 2.4 and Theorem 3.5. The proof is by contradiction. Suppose asdimAN (Z2 
F2, log(1+ d)) n. By Corollary 2.4 we get that there exists a polynomial n-dimensional control function Dn : R+ → R+ of
(Z2  F2,d). By Theorem 3.5 any n-dimensional control function of (Z2  F2,d) weakly dominates 2t . Thus there exist λ 1
and C  0 such that 2t  λ · Dn(λ · t + C) + C . This inequality is impossible because Dn is a polynomial function. 
Remark 3.7. Notice that as the metric spaces (Z2  F2,d) and (Z2  F2, log(1+ d)) are coarsely equivalent then both have the
same asymptotic dimension. Therefore asdim(Z2  F2, log(1+ d)) = 1 (see [6] for more details).
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In this section we will study the Assouad–Nagata dimension of locally ﬁnite groups. In the ﬁrst part of the section we
will show that any locally ﬁnite group (not necessarily abelian) admits a proper left invariant metric with positive Assouad–
Nagata dimension. In the second part of this section we will ﬁnd a family of locally ﬁnite groups with proper left invariant
metrics of arbitrary but still positive Assouad–Nagata dimension.
Given a countable group G we want to build a proper left invariant metric on it. Associated to each proper left invariant
metric there exists a proper norm. A map ‖ · ‖G : G → R+ is said to be a proper norm if it satisﬁes the following conditions:
(1) ‖g‖G = 0 if and only if g = 1G .
(2) ‖g‖G = ‖g−1‖G for every g ∈ G .
(3) ‖g · h‖G  ‖g‖G + ‖h‖G for every g,h ∈ G .
(4) For every K > 0 the number of elements of G such that ‖g‖G  K is ﬁnite.
So if we have deﬁned a proper norm ‖ · ‖G in G then the map dG(g,h) = ‖g−1 · h‖G deﬁnes a proper left invariant metric.
Conversely for every proper left invariant metric dG the map ‖g‖G = dG(1, g) deﬁnes a proper norm.
To ﬁnd proper left invariant metrics in countable groups we will use Cayley graphs. You can check [16] and [17] for
other approaches.
Deﬁnition 4.1. Let G be a group and let S = {g j} j∈ J be a symmetric system of generators of G (not necessarily ﬁnite). We
will deﬁne the Cayley graph of G generated by S as the graph Γ (G, S) = (V , E) with the set of vertices given by V = G and
the set of edges given by E = {(g1, g2) | g−11 · g2 ∈ S}.
Let f : E → S be the map f ((g1, g2)) = g−11 · g2.
In order to deﬁne a metric in G we can proceed as follows. Let l : E → R+ be a length function that assigns to each
edge some length. We can deﬁne the distance between two points in G as the geodesic distance deﬁned by l between the
corresponding vertices in Γ (G, S). This metric is not necessarily a proper left invariant metric. The following lemma gives a
suﬃcient condition for l to be a proper left invariant metric. We do not give the proof as it can be deduced easily from the
ideas of [17] and it is not hard to prove.
Lemma 4.2. Let l : E → R+ be a length function deﬁned in the set of edges of the Cayley graph Γ (G, S) and let f : E → S be the
map deﬁned as above. If there exists a map w : S → R+ (weight function) such that w(s) = w(s−1) and w ◦ f = l then the geodesic
metric dl deﬁned in G by l is a left invariant metric. Moreover if for every k > 0 the set w−1([0,k]) is ﬁnite then dl is a proper left
invariant metric.
Remark 4.3.
(1) The proper left invariant metric dl associated to a weight function w : S → R+ will be referred as dw .
(2) If l(e) = 1 for every e ∈ E and S is ﬁnite then dl is said to be the word metric of (G, S).
Lemma 4.4. Let G be a locally ﬁnite group. For every increasing function F : R+ → R+ such that limx→∞ F (x) = ∞ there exists a
proper left invariant metric dG in G and an increasing sequence of natural numbers { J i}i∈N such that the J i -connected components of
(G,dG) are not F ( J i)-bounded.
Proof. Let L = {g1, g2, . . . , gn, . . .} be a system of generators of G such that gi /∈ 〈g1, g2, . . . , gi−1〉. Deﬁne Gi = 〈g1, . . . , gi〉.
As gi /∈ Gi−1 the sets Gi−1 and gi · Gi−1 are disjoint. Hence the cardinality |Gi | of Gi satisﬁes |Gi |  2 · |Gi−1|. By an
inductive argument we get |Gi | 2i . Let Γ (G, S) be the Cayley graph generated by S = L ∪ L−1. We deﬁne Li = {g1, . . . , gi}
and Si = Li ∪ L−1i . For every i we consider the subgraph Γ (Gi, Si). We claim:
Claim. For every K > 0 there exists an i ∈ N and a vertex h ∈ Γ (Gi, Si) such that the minimum number of links (edges) of Γ (Gi, Si)
needed to connect hi with 1G ∈ Γ (Gi, Si) is greater than K > 0.
Suppose the claim were false. Recall that each link (edge) of Γ (Gi, Si) corresponds to an element of Si . In such case there
would exist a K > 0 such that for every i each element h ∈ Gi would be of the form h =∏Kj=1 s j with s j ∈ Si . Therefore
using an easy combinatorial argument we would have:
|Gi|
K∑
j=0
(2 · i) j  (K + 1) · 2K · iK .
This contradicts |Gi | 2i for i suﬃciently large.
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for every i ∈ N there exists a J i-component of (G,dG ) that is not F ( J i)-bounded. Assume without loss of generality that
F (x) > x for every x ∈ R+ . We will apply Lemma 4.2 and induction. Let J1 = 1. By the claim there will exists an i(1) and a
ﬁnite subgroup Gi(1) = 〈g1, . . . , gi(1) >〉 such that the minimum number of links of Γ (Gi(1), Si(1)) needed to connect h1 and
1G is greater than F ( J1). Deﬁne d1 as the word metric of Gi(1) associated to the system Si(1) . It is clear that h1 is in the
J1-component of 1G but d1(1G ,h1) > F ( J1). Let us explain now the induction step. Suppose that for some ﬁnite subgroup
Gi(r−1) = 〈g1, g2, . . . , gi(r−1)〉 there is an integer weight function wr−1 : Si(r−1) → Z+ . Suppose also that there is a ﬁnite
sequence { Jn}r−1n=1 such that for every n  r − 1 there exists an hn ∈ Gi(r−1) that is in the same Jn-component as 1G and
dwr−1 (1G ,hn) > F ( Jn). Let Jr be an integer such that Jr > diam(Gi(r−1))+2. By the previous claim there exist an index i(r), a
subgroup Gi(r) = 〈g1, g2, . . . , gi(r) >〉 and an element hr ∈ Gi(r) such that the minimum number of links of Γ (Gi(r), Si(r)) that
connect hr with 1G is greater than F ( Jr). Notice that Si(r) = Si(r−1) ∪ Mr ∪ M−1r where Mr = {gi(r−1)+1, gi(r−1)+2, . . . , gi(r)}.
Hence we can deﬁne an extension wr : Si(r) → R+ of wr−1 by wr(g) = wr−1(g) if g ∈ Si(r−1) and wr(g) = Jr − 1 if g ∈
Mr ∪ M−1r . As the metric space (Gi(r),dwr ) is Jr-connected the element hr is in the same Jr-component as 1G . On the
other hand the minimum number of links needed to connect hr and 1G in Γ (Gi(r), Si(r)) is greater than F ( Jr), this implies
dwr (1G ,hr) > F ( Jr). Using induction we can deﬁne a weight function w : S → Z+ that satisﬁes Lemma 4.2 and an increasing
(integer) sequence { Jn}n∈N such that the J i-components of (G,dw) are not F ( J i)-bounded. 
Theorem 4.5. A countable locally ﬁnite group G (not necessarily abelian) is ﬁnite if and only if asdimAN (G,dG) = 0 for every proper
left invariant metric dG .
Proof. It is clear that every ﬁnite group satisﬁes asdimAN (G,dG ) = 0 for every metric dG .
By Lemma 4.4 if G is non-ﬁnite there exists a proper left invariant metric dG and an increasing sequence of natural
numbers { J i}∞i=1 such that the J i-connected components of (G,dG ) are not J2i -bounded. Hence any linear function cannot be
a 0-dimensional control function of (G,dG). Suppose on the contrary that C · x is a 0-dimensional control function of (G,dG)
for some C > 0. Taking J i > C we have that the J i-connected components of (G,dG) are C · J i-bounded. A contradiction. 
The remainder of this section will be focused on ﬁnding locally ﬁnite groups G(n) with proper left invariant metrics dn
such that asdimAN (G(n),dn) = n. The following deﬁnition will play an important role in such proof.
Deﬁnition 4.6. Let (Xλ,dλ)λ∈Λ be a collection of metric spaces. It is said that such collection is of asymptotic Assouad–
Nagata dimension at most n uniformly if there exist two constants C,M > 0 such that the function f (x) = C · x + M is an
n-dimensional control function of every (Xλ,dλ).
Our groups will be of the form G =⊕∞i=1 Gi with {Gi}i∈N some sequence of ﬁnite groups. It was proved in [5, Propo-
sition 8.3.] that any countable group with a proper left invariant metric is of asymptotic Assouad–Nagata dimension at
most n if and only if the family of its ﬁnitely generated subgroups is of asymptotic Assouad–Nagata dimension at most
n uniformly. For our groups G =⊕∞i=1 Gi we need a stronger result. We will ﬁnd a proper left invariant metric dn such
that asdimAN (G,dn)  n if and only if the family {(Gi,dn)|Gi }i∈N is of asymptotic Assouad–Nagata dimension at most n
uniformly. We will also require that the groups Gi with the restricted metric dn|Gi contains some copies of n-dimensional
dilated cubes as in Section 2. Hence we can apply Corollary 2.8 to get asdimAN (G,dn) n. The natural candidates for the
subgroups Gi will be the groups of the form Znk with the metric di a dilatation of the natural word metric of Z
n
k . This topic
will be discussed later.
First we will focus in condition: asdimAN (G,dn) n if and only if {Gi}i∈N is of asymptotic dimension at most n uniformly.
In [3] it was introduced some proper left invariant ultrametrics for the groups of the form
⊕∞
i=1 Gi with Gi ﬁnite groups.
Our metrics dn will be some kind of generalization of these metrics. Let us recall the construction of [3]. Let x = (xi)∞i=1 and
y = (yi)∞i=1 be two elements of G =
⊕∞
i=1 Gi . We deﬁne:
dG(x, y) = max
{
i
∣∣ x−1i · yi = 1Gi}.
It is not hard to check that dG is a proper left invariant ultrametric. Let us generalize such construction. Let G =⊕∞i=1 Gi
be a group with Gi ﬁnite groups. Suppose that for every i ∈ N there exists a proper left invariant metric di deﬁned in Gi .
Assume also that the following condition is satisﬁed:
‖g‖i > diam(Gi−1) for every g ∈ Gi \ {1Gi }. (4.1)
Let x = (xi)∞i=1 and y = (yi)∞i=1 be two elements of G =
⊕∞
i=1 Gi . We deﬁne the quasi-ultrametric dG generated by {di}i∈N as:
dG(x, y) = max
{
di(xi, yi)
∣∣ x−1i · yi = 1Gi}. (4.2)
It is left to the reader to check that dG is a left invariant metric. Moreover if each di is an integer metric then by condition
(4.1) it can be deduced that dG is proper. Notice that the metric of [3] is a particular case of the metric (4.2) when we
consider the metrics di(xi, yi) = i for every xi = yi .
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(1) To avoid future confusions we will refer to the element xi as πi(x) where πi : G → Gi is the canonical projection.
(2) By condition (4.1) we can deduce that dG(x, y) = max{di(πi(x),πi(y)) | i ∈ N}.
(3) It is clear that dG |Gi= di when we see each Gi as a subgroup of G via the canonical inclusion mi : Gi → G .
The name of quasi-ultrametric is explained in the following:
Lemma 4.8. Let G =⊕∞i=1 Gi be a group such that each Gi is ﬁnite. Let dG be the quasi-ultrametric generated by some sequence of
metrics {di}i∈NN of {Gi}i∈N that satisﬁes condition (4.1). Let k(g) = max{i | πi(g) = 1Gi }. Then for every g1, g2, g3 ∈ G such that
k(g1) > k(g j) with j = 2,3 we have:
dG(g1, g2)max
{
dG(g2, g3),dG(g1, g3)
}
.
Proof. From the deﬁnition of k(g) and condition (4.1) it can be checked that dG(x, y) = ‖πk(x−1·y)(x−1 · y)‖k(x−1·y) . Now as
k(g1) > k(g j) for j = 2,3 we get k(g−1j · g1) = k(g1) and πk(g1)(g−1j · g1) = πk(g1)(g1) for j = 2,3. Therefore:
dG(g1, g2) =
∥∥πk(g1)(g−12 · g1)∥∥k(g1) = ∥∥πk(g1)(g1)∥∥k(g1) = ∥∥πk(g1)(g−13 · g1)∥∥k(g1) = dG(g1, g3). 
As an easy consequence of Lemma 4.8 we obtain the following:
Corollary 4.9. Let (G,dG) be the quasi-ultrametric generated by (Gi,di). If each metric space (Gi,di) is ultrametric then (G,dG) is
ultrametric.
For quasi-ultrametrics we have the following property that we have discussed before:
Lemma 4.10. Let G =⊕∞i=1 Gi where {Gi}i∈N is a sequence of ﬁnite subgroups. If dG is the quasi-ultrametric generated by some
sequence of proper left invariant metrics {di}i∈N then the following conditions are equivalent:
(1) asdimAN (G,dG) n.
(2) The family (Gi,di) is of asymptotic Assouad–Nagata dimension at most n uniformly.
Proof. One implication is obvious. Let us do (2) ⇒ (1). Suppose that the function f (x) = C · x + M is an n-dimensional
control function of each (Gi,di). Without loss of generality we can assume C  1 and M  0. Let s > 0. By condition (4.1)
we can assume diam(Gi−1) < s  diam(Gi). Let U = {U0, . . . ,Un} be a cover of (Gi,di) such that the s-scale connected
components of each Ur are C · s+ M bounded. Deﬁne a cover V = {V0, . . . ,Vn} of G by Vr = π−1i (Ur). Let us prove that the
s-scale components of each Vr are C · s+ M-bounded. Given an s-scale chain x1, x2, . . . , xm of some Vr we need to estimate
the size of ‖x−11 · xm‖G . First we will prove that for every j with i < j and for every t = 1, . . . ,m we have π j(x−11 · xt) = 1G j .
Let k = min{t | π j(x−11 · xt) = 1G j for every j > i}. If k <m then there exists a j > i such that:
1G j = π j
(
x−11 · xk+1
)= π j(x−11 · xk) ·π j(x−1k · xk+1)= π j(x−1k · xk+1).
This implies ‖x−1k · xk+1‖G  |π j(x−1k · xk)| j > diam(Gi) s, a contradiction. Hence we have π j(x−11 · xm) = 1G j for every j > i.
It follows:∥∥x−11 · xm∥∥G max{∣∣πi(x−11 · xm)∣∣i,diam(Gi−1)}.
As πi(x1), . . . ,πi(xm) is an s-scale chain of Ur we have |πi(x1)−1 · πi(xm)|i  C · s + M . Also we have diam(Gi−1) < s 
C · s + M . Therefore ‖x−11 · xm‖G  C · s + M . 
To get the main theorem of this section we have to ﬁnd ﬁnite groups Gi with proper left invariant metrics di that satisfy
Lemma 4.10 and imply that (G,dG) has positive Assouad–Nagata dimension. As we have mentioned before the groups Gi
will be of the form Znki where ki > 1. The metrics di will satisfy di = Mi · dnki where dki is the canonical word metric of Zki
and Mi is some natural number. Notice that if ri =  ki2  then the set {0,1, . . . , ri}n of Znki with the metric di is an n-di-
mensional dilated cube where Mi is the dilatation constant. To complete the main theorem we need to check Lemma 4.10.
First we will prove that the family of groups (Znki ,d
n
ki
) are of asymptotic Assouad–Nagata dimension at most n uniformly.
Let us give the idea of the proof. Notice that Znk can be seen as the elements of integer coordinates of [−r, r]n for r =  k2 . It
can be checked that the restriction of dnk to any of the 2
n quadrants of [−r, r]n coincides with the l1-metric inherited from
Z
n . Hence we will take a (linearly bounded) cover U = {U0, . . . ,Un} in the integer points of the ﬁrst quadrant of [−r, r]n as
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Such functions pλ will be symmetries of Zn (and hence of Znk ) that ﬁx the origin (see the proof for a precise deﬁnition).
Lemma 4.11. Let n be a ﬁxed natural number. The family of ﬁnite groups {(Znk ,dnk)}k>1 where dk is the canonical word metric of Zk is
of asymptotic Assouad–Nagata dimension at most n uniformly.
Proof. We will show that there exist a Cn such that f (x) = Cn · x is an n-dimensional control function of every (Znk ,dnk). Let
r =  k2 . In this proof we will see the groups Zk as:
Zk = {−r,−r + 1, . . . ,−1,0,1, . . . , r − 1, r}.
It follows from [14] that dimAN Zn  n so let D(s) = C ′n · s be an n-dimensional control function of Zn with C ′n  1. Fix
s a positive number and take a cover V = {V0, . . . ,Vn} of Zn such that the s-scale connected components of each Vi are
C ′n · s-bounded. Deﬁne the cover U ′ = {U ′0, . . . ,U ′n} of Inr = {0,1, . . . , r}n by the rule U ′i = Vi ∩ Inr . Notice that the restriction
of dnk to I
n
r coincides with the l1-metric of I
n
r . Let πi : Znk → Zk be the canonical projection to the ith-coordinate. For each
subset λ of {1,2, . . . ,n} take the automorphism pλ : Znk → Znk given by πi(pλ(x)) = (λ,i) ·πi(x) with (λ,i) = 1 or (λ,i) = −1
depending on i ∈ λ or i /∈ λ. Deﬁne the cover U = {U0, . . . ,Un} of Znk by the rule x ∈ Ui if and only if there exists a λ such
that pλ(x) ∈ U ′i . Let us estimate the diameter of the s-scale connected components of Ui . First we claim that if L and M are
two different s-scale connected components of U ′i then d(pλ1 (L), pλ2 (M))  s for every λ1 and λ2 subsets of {1,2, . . . ,n}.
Suppose on the contrary that there exists x ∈ L and y ∈ M such that d(pλ1 (x), pλ2 (y)) < s. But if x = (x1, . . . , xn) and
y = (y1, . . . , yn) then:
d(x, y) = |x1 − y1| + · · · + |xn − yn|
n∑
i=1
dk((λ1,i) · xi, (λ2,i) · yi) < s.
A contradiction with the fact that L and M are different s-scale connected components.
From this we deduce that if L′ is an s-scale connected component of Ui then there exists an s-scale connected com-
ponent L of U ′i and some subsets λ1, . . . , λm of {1, . . . ,n} so that L′ =
⋃m
j=1 pλ j (L). Each pλ j (L) is s-scale connected and
C ′n · s-bounded as the maps pλ are isometries. It is clear that m 2n . Hence we get:
diam
(
L′
)= diam
(
m⋃
j=1
pλ j (L)
)

m∑
i=1
(
C ′n · s + s
)
 2n · (C ′n + 1) · s.
Therefore the cover U = {U0, . . . ,Un} satisﬁes the requirements of the lemma with Cn = 2n · (C ′n + 1). 
Theorem 4.12. For each n ∈ N ∪ {∞} there exists a locally ﬁnite group G(n) with a proper left invariant metric dn such that
asdimAN (G(n),dn) = n.
Proof. Case n < ∞. Suppose n ﬁxed. Let {ki}i∈N be an increasing sequence of natural numbers with k1 > 1 and let {ri}i∈N be
the sequence given by the integer part of ki2 . Take the ﬁnite groups G(n)i = Znki . Let dnki be the canonical word metric of Znki .
Recall that the restriction of the metric dnki to the sets {0,1, . . . , ri}n coincides with the l1-metric inherited from Zn . Take an
increasing sequence of natural numbers {Mi}i∈N such that Mi > Mi−1 · diam(G(n)i−1). Deﬁne in each Gni the left invariant
metric din = Mi · dnki . Let (G(n),dG(n)) be the group G(n) =
⊕∞
i=1 G(n)i with dG the quasi-ultrametric generated by {din }. It
follows from the third item of Remark 4.7 that the sequence of subsets {0,1, . . . , ri}n of each (G(n)i,din ) in G(n) deﬁnes
a sequence of n-dimensional dilated cubes of increasing size. Hence applying 2.8 we obtain asdimAN (G(n),dG(n)) n. Now
notice that the identity id : (G(n)i,dnki ) → (G(n)i,din ) is a Lipschitz function with ρ+(t) = ρ−(t) = Mi · t . It follows from
Proposition 2.2 that if f (x) = C · x is an n-dimensional control function of (G(n)i,dnki ) then f is an n-dimensional control
function of (G(n)i,di). Combining this observation with Lemmas 4.10 and 4.11 we conclude asdimAN (G(n),dG(n)) n.
Case n = ∞. Just take the group G(∞) = ⊕∞i=1 G(i)i where {G(i)i}i∈N are the groups deﬁned in the previous case
and construct the quasi-ultrametric dG(∞) generated by {dii }i∈N . Applying an analogous reasoning as above we get that
asdimAN (G,dG ) n for each n. 
Remark 4.13. The possibility of deﬁning the asymptotic Assouad–Nagata dimension of arbitrary groups G as the supremum
of the asymptotic Assouad–Nagata dimensions of its ﬁnitely generated subgroups H was discussed in [5]. It follows from 4.12
that this approach does not work in general for locally countable group with proper left invariant metrics. The examples
of 4.12 have ﬁnite and positive asymptotic Assouad–Nagata dimension but all its ﬁnitely generated subgroups are ﬁnite and
hence they are of asymptotic Assouad–Nagata dimension at most zero.
Corollary 4.14. For every n,k with n ∈ N and k ∈ N∪ {∞} there exists a countable abelian group (G(n,k),d(n,k)) with d(n,k) a proper
left invariant metric such that asdim(G(n,k),d(n,k)) = n but asdimAN (G(n,k),d(n,k)) = n + k.
J. Higes / Topology and its Applications 157 (2010) 2635–2645 2645Proof. Fix n and k as in the hypothesis and take the group (G(k),dk) as in Theorem 4.12. Deﬁne the group G(n,k) =
Z
n × G(k) with the proper left invariant metric d(n,k) given by d(n,k)((x1, y1), (x2, y2)) = ‖x1 − x2‖1 +dk(y1, y2). Multiplying
an n-dimensional dilated cube of Zn with a k-dimensional dilated cube of G(k) we will get an (n + k)-dimensional dilated
cube in G(n,k). Applying 2.8 we deduce asdimAN (G(n,k),d(n,k)) n + k.
Recall that asdim(Zn,d1) = n = asdimAN (Zn,d1) (see for example [2, Theorem 74]) and asdim(G(k)) = 0 (see [17, Theo-
rem 2]). Now applying the subadditivity of the asymptotic dimension and the asymptotic Assouad–Nagata dimension with
respect to the Cartesian product (see for example [5, Theorem 2.5]) we have:
asdim
(
Z
n × G(k)) asdim(Zn)+ asdim(G(k))= n + 0,
asdimAN
(
Z
n × G(k),dn,k
)
 asdimAN
(
Z
n,d1
)+ asdimAN(G(k),dk)= n + k.
This complete the proof. 
Problem 4.15. Does any countable group G of ﬁnite asymptotic dimension satisfy the following condition: There exists a
proper left invariant metric dG such that asdim(G,dG) < asdimAN (G,dG ) < ∞?
References
[1] P. Assouad, Sur la distance de Nagata, C. R. Acad. Sci. Paris Sér. I Math. 294 (1) (1982) 31–34.
[2] G. Bell, A. Dranishnikov, Asymptotic dimension, Topology Appl. 155 (12) (2008) 1265–1296.
[3] N. Brodskiy, J. Dydak, J. Higes, A. Mitra, Dimension zero at all scales, Topology Appl. 154 (14) (2007) 2729–2740.
[4] N. Brodskiy, J. Dydak, J. Higes, A. Mitra, Nagata–Assouad dimension via Lipschitz extension, Israel J. Math. 171 (2009) 405–423.
[5] N. Brodskiy, J. Dydak, M. Levin, A. Mitra, Hurewicz theorem for Assouad–Nagata dimension, J. Lond. Math. Soc. (2) 77 (3) (2008) 741–756.
[6] N. Brodskiy, J. Dydak, U. Lang, Assouad–Nagata dimension of wreath products of groups, preprint, math.MG/0611331v2.
[7] P. de la Harpe, Topics in Geometric Group Theory, Chicago Lectures in Math., Univ. Chicago Press, Chicago, IL, 2000.
[8] A. Dranishnikov, J. Smith, On asymptotic Assouad–Nagata dimension, Topology Appl. 154 (4) (2007) 934–952.
[9] A. Dranishnikov, M. Zarichnyi, Universal spaces for asymptotic dimension, Topology Appl. 140 (2–3) (2004) 203–225.
[10] C. Drutu, Quasi-isometry invariants and asymptotic cones, Internat. J. Algebra Comput. 12 (1–2) (2002) 99–135.
[11] J. Dydak, J. Higes, Asymptotic cones and Assouad–Nagata dimension, Proc. Amer. Math. Soc. 136 (6) (2008) 2225–2233.
[12] M. Gromov, Asymptotic invariants for inﬁnite groups, in: G. Niblo, M. Roller (Eds.), Geometric Group Theory, vol. 2, Cambridge University Press, 1993,
pp. 1–295.
[13] M. Gromov, Groups of polynomial growth and expanding maps, Inst. Hautes Études Sci. Publ. Math. (53) (1981) 53–73.
[14] U. Lang, T. Schlichenmaier, Nagata dimension, quasisymmetric embeddings, and Lipschitz extensions, Int. Math. Res. Not. IMRN (58) (2005) 3625–3655.
[15] P.W. Nowak, On exactness and isoperimetric proﬁles of discrete groups, J. Funct. Anal. 243 (1) (2007) 323–344.
[16] Y. Shalom, Harmonic analysis, cohomology, and the large-scale geometry of amenable groups, Acta Math. 192 (2004) 119–185.
[17] J. Smith, On asymptotic dimension of countable abelian groups, Topology Appl. 153 (12) (2006) 2047–2054.
